Abstract. Active control is a simple and effective method to realize chaotic synchronization. The existing active control techniques often have at least one of the following limitations: (1) the design of the controller relies on the Routh-Hurwitz criterion which forces the error system to be linear; (2) the dimension of the controller must be equal to the dimension of the controlled response system, often leading to a high cost of the controller; and (3) the drive system and the response system sometimes must be identical, which limits the application in situations where synchronization between different systems is required. Therefore, in the present study, we proposed a different active control method which can overcome the above limitations at the same time. This proposed active control method is based on an asymptotic stability theorem for nonlinear systems in which an asymptotic stability can be achieved when the coefficient matrix satisfies a specific configuration. The proof of the stability theorem is given, and the corresponding numerical simulation was provided to demonstrate the realization and the validity of the proposed method.
Introduction
Chaos synchronization is an important topic in nonlinear science due to its extensive applications in many fields such as secure communication [1] , complex network [2] and neural science [3] . A wide variety of synchronization phenomena have been proposed, including complete synchronization, anti-synchronization, projective synchronization, generalized synchronization, generalized projective synchronization (GPS), phase synchronization, generalized compound synchronization, fractional order synchronization, etc.
Among these different synchronization phenomena, the generalized projective synchronization has attracted a lot of attention due to some of its advantages. Because it allows an arbitrary ratio between the synchronized signals of the controlled system and the drive system with a scaling factor. The complete synchronization or anti-synchronization can also be realized using the generalized projective synchronization when the scaling factor is 1 or -1, respectively. After the first establishment of the control method to achieve generalized projective synchronization by Pecora and Carroll [4] , various modified control methods have been proposed, each with its own advantages and disadvantages. These control methods include, adaptive control method [5] , impulsive control method [6] , and active control [7] , etc.
Notably, the active control technique has been studied extensively due to its relatively high efficiency and performance in achieving chaotic synchronization between chaotic systems [7] [8] [9] . However, the original active control method proposed by Lei et al. [7] has two limitations: (1) the Routh-Hurwitz criterion must be satisfied; and (2) the dimension of controller must be equal to the dimension of the controlled response system. Li et al. proposed a modified active control method to overcome the first limitation, that is, a globally asymptotically stable error system can be achieved without satisfying the Routh-Hurwitz criterion [8] . Another modified active control method was proposed by Ojo et al. to overcome the second limitation, that is, a reduced-order active controller can be used to realize generalized projective synchronization between the controlled system and the drive system [9] . However, the drive system and the response system must be identical in Ojo's method, which further limits its application as it is more common in practice that the synchronization of different chaotic systems is required. Therefore, it is much needed to design a controller which (1) does not rely on the Routh-Hurwitz criterion; (2) has a low dimension to reduce the cost of the controller; and at the same time (3) can achieve generalized projective synchronization between different chaotic systems. To this end, in this paper we propose a novel reduced-order active control method which can meet the above three requirements. In this method, the stability of the error system is achieved via a coefficient matrix with a specific configuration, given by a stability theorem.
The outline of this paper is organized as follows: In Section 2, the stability theorem for nonlinear systems is given, and a reduced order active control method is further proposed based on the given stability theorem. In Section 3, the numerical simulation was performed to demonstrate the validity of the proposed method. Finally, a brief conclusion is provided to summarize the present study in Section 4.
A Reduced-Order Active Control Method
We consider the following two chaotic systems. The drive system and the controlled response system are given by 
Then we say that generalized projective synchronization is achieved between the systems (1) and (2) .
Based on the Definition 1, we need to design a suitable u to stabilize the error system (3) at the origin. Then the generalized projective synchronization between the drive system (1) and the response system (2) can be realized.
According to the original active control method [6] , the error system (3) is rewritten as the following form ( ) . e B P e  
Then the generalized projective synchronization can be achieved using an active controller that can make the coefficient matrix BP  satisfy the Hurwitz criterion, and consequently make the error system globally asymptotically stable.
Here, we propose another method to realize an asymptotically stable error system based on the following stability theorem. , , , , 
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The V is negative definite. According to the Lyapunov asymptotical stability theory, the system (5) is asymptotically stable.
Let e y x   , an asymptotically stable error system (i.e., generalized projective synchronization between the drive system (1) and the response system (2)) is realized if an active controller can be designed to make the form of the coefficient matrix of error system satisfy the above Theorem 1. Remark. Considering the drive system (1) and the controlled response system (2), where the coefficient matrices 
Reduced-Order Active Controller Design for the GPS between the Pan System and the Lorenz System
We provide an example of generalized projective synchronization between two different chaotic systems (the Pan system and the Lorenz system) using the proposed active control method. The Pan system [10] is chosen as the drive system: (6) is chaotic. The Lorenz system [11] is chosen as the response sytem:
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Let the error state is ( ) ( 1,2,3,4)
between the drive system (6) and the response system (7). Then the error system is obtained as below
The active controller is designed by 
There are various choices of the 1 2 3 ,, v v v to make the form of the coefficient matrix of the error system satisfy the conditions in Theorem 1. We here present one example of possible solutions that significantly reduces the complexity of the controller: 
According to (9) , the active controllers are defined by 
Therefore, 1 u can be removed and the order of the active controller is reduced. To perform a numerical simulation, the initial values of the drive system and the response systems are set to Figure 1 (a) from which one can see clearly that the error states converge to zero quickly, and thus the generalized projective synchronization between the system (6) and the system (7) is realized. The state trajectories of generalized projective synchronization between the drive system (6) and the response system (7) are shown in Figure 1 Figure 1 . GPS state trajectories drive system (6) and response system (7) and the error state trajectories.
Summary
In this paper, we proposed a modified reduced-order active control method to realize the generalized projective synchronization of chaotic systems based on the stability theorem for nonlinear systems whose coefficient matrix has a specific configuration. Compared to the original active control technique, our proposed active control technique has three advantages: (1) does not rely on the Routh-Hurwitz criterion; (2) has a low dimension to reduce the cost of the controller; and (3) can achieve generalized projective synchronization between different chaotic systems. The numerical simulation results demonstrated the validity of the proposed technique in realizing the generalized projective synchronization of identical or non-identical chaotic systems.
